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Abstract, We examine the dynamical theory, recently proposed by Coolen and Sherrington,
which describes the deterministic flow of order parameters in the memory retrieval processes
of the Hopfield madel. We have performed Monte Carlo simulations to investigate the limit of
applicability of their theory. We have found that the qualitative behaviour of retrieval processes
follows their prediction fairly well. However, the theory fails to describe the noise distribution
quantitatively when the effects of non-retrieved patterns are not negligible.

Many attempts [1-9] have been made to describe the dynamics of retrieval processes in the
Hopfield model. Great interest lies in such non-trivial behaviour as the sensitivity to initial
conditions and the sizes and shapes of the basins of attraction. These properties cannot be
determined without a direct treatment of the dynamical process. Despite its necessity, there
is, as yet, no such exact dynamical theory available. As Gardner ef al [4] suggested, the num-
ber of order parameters representing the network state increases very quickly with the time-
steps and this makes it very difficult to handle the dynamical processes rigorously. Amari
and Maginu [5] employed a signal-to-noise ratio analysis and tried to describe the dynamical
processes approximately in terms of a few macrovariables. Although their theory is simple
and a good approximation for successful retrieval processes, analysis in our previous paper
[3] clearly showed that their assumption that the distribution of the noise term in the local
field is Gaussian is not satisfied when retrieval fails. The noise distribution is non-Gaussian
from an early stage of the memory retrieval process which leads the networks to a spin—glass
(non-retrieval) state. Therefore an exact treatment of the noise distribution was required
to describe the dynamical processes correctly when the retrieval process is not successful,
Coolen and Sherrington [1, 2] (C5 hereafter) recently proposed a dynamical theory to describe
the retrieval processes analytically. They employed a replica calculation of the distribution
of the noise term under certain assumptions on the microscopic behaviour of the system. The
purpose of the present paper is to show the results of extensive numerical simulations which
examine the limit of applicability of their theory. We have found that the predicted noise
distribution agrees fairly well qualitatively with simulation results. Thus this theory is a step
forward from the Amari-Maginu theory [5] which employs a simple Gaussian form of the
noise distribution. However, in quantitative terms, deviations have been observed between
the theory and simulations even in the region where CS conjectured the theory to be exact.

We consider the memory retrieval process of the Hopfield model, The Hopfield model
consists of N neurons, each of which has a two-state variable s; = 1. Dynamical flow of
the network state s is governed by an asynchronous stochastic updating rule

wi(8) = {1 — s tanh[ B ()]} (1)
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where w;(8) is the transition rate of the kth spin and #;(s) denotes the local field to the
kth neuron in the state s:

h(8y =Y Jys; .

ik
When we store the random patterns .f,-” (u =1,..., &N} according to the Hebb rule
1 alN
hi= 2})&!‘&;‘ @)
,lL=

the embedded patterns become attractors of the dynamical flow of the network state under
appropriate conditions, CS started from the microscopic equations of the Markov process,
described by the master equation

d N
3 P1(8) = D [PAFes)wil Fis) — Pi()wn(s)]
k=1

in which Fj is a spin-flip operator,
deb(s) = ¢(5‘1, vawy =y ey SN)

and obtained the deterministic dynamical equations for order parameters

I N
m(s) == > &5
k=1

I ol 1 N u 2
r(s) = Ezi[ﬁ;é:ksk] :
> =

Here m(s) is the overlap of the network state with the first pattern (supposing that the
network is in the process where the first pattern &' is retrieved) and r(s) represents the
overlap of the network state with non-retrieved patterns.

The local field can be written as

1 LA
mi(s) =i +u@] - wa ule) =g ) =) Es  G)

i ksti
where z;(8) is the so-called noise term in the local field. They introduced a distribution
which measures the probability density in terms of the macroscopic order parameters (m, r)

Pim,r) =Y _ P(8)8lm — m(8)18[r — r(s)].

By inserting the microscopic equation, they wrote the time derivative of this macroscopic
distribution for large N satisfying the Liouville form. Then they obtained the deterministic
evolution of the order parameters (m, r)

Pm,r) =8(m —m"()8(r —r* (1))

in which the deterministic trajectory (m*(z), r*(¢)) is given by the solution of the set of
flow equations

95 - f & Dy Lz} tanb[Brm + 2] — m )
1dr 1
SS=s f dz Dy alzlz tanh[Bm + B2l + 1 — r )
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where
320 PS)SIm — m()Blr — r(&))F X, 8z — z:(9)]
Yo Pr(8)8[m — m(s)13[r ~ r(s)]

is the noise distribution in the (s, r) subshells.
For simplicity of calculation of the noise distribution, ¢S assumed the following.

Dm,r',.r [ZI =

(6)

(i) The flow equations of the order parameters (4} and (5), and therefore the noise
distribution Dy, ,.:[z] (6), ate self-averaging in the thermodynamic limit (N — og)
with respect to pattern realizations {£#).

(ii} As far as the calculation of the noise distribution is concerned, CS assumed
equipartitioning of probability in the macroscopic (m, r) subshells of the ensemble.

The former allowed them to simplify the calculation of the noise distribution by averaging
over the random patterns {£#}. The latter removed the explicit time dependence coming
from P;(s) in the noise distribution.

3, 8lm — m(s)I8lr — r()] % 3, 8lz — 2:(s))
2o 8lm — m(8)]8[r — r(s)] - '
These two assumptions enabled them to perform the replica calculation of the noise

distribution (details are found in [1]). The result under a replica-symmetric (RS) ansatz
is

RS g (A2’ 2ar A A2
D l—fD tanh[k I:—-—:l Atz — ]}
2] = W [ y Y 2pr +( )apr“‘

e~ (A—2)*/2ar A T2 A2
———— 11— { Dytanh | Ay| — A—-7)— —
+ 2 2mar ’ [ v [}[apr] o Z)Ofp?” M:]}

with a set of saddle-point equations

7

Dy 2] = Dy l2]l = (

_ g 2r—1+g— (1—g) +drg

q=nytanh2[A(q)y+u] Mg) = 1-9 1-g+v(l—q2+drg
1
=nytanh[Ay+#] P@ =i ~1ta -V =i +drg]

where A = apr — A2/p. The Gaussian measure is denoted by Dy = (27)~/2e~"/2 dy,

We have performed Monte Carlo simulations to check the limit of applicability of Cs’
assumptions on the noise distribution mentioned above. We have simulated the retrieval
processes in the Hopfield network of asynchronous dynamics with N = 5000, 10000 and
30000 neurons at zero temperature. We embedded oV random patterns &% in the network
according to the Hebb rule (2). The storage capacity & was chosen to be 0.1 and 0.2 for
each N. We generated initial states of the network by flipping each spin of the first pattern
£} independently with probability p = %(1 — mg). Therefore, on average, our initial states
have a finite overlap mg with the first pattern. The initial overlap m, was set to 0.1,0.4
and 0.8. At zero femperature (in the limit of § — o0), the transition rate (1) becomes

wi(s) = 3{1 — ssgnfhg ()]} (8)

Starting from the initial state, we have examined the dynamical behaviour by selecting
a single neuron randomly and flipping the neuron according to the transition rate (8).
In the retrieval process, we have numerically calculated order parameters (m,r) and the
distribution of the noise term z;(s) (3). We have also solved the set of saddle-point equations
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Figure 1. (a) Time evolution of the network in the m versus r diagram (non-successful retrieval);
T =0,N=30000,a =01 and mp = 0.1 {likewise for (¥)-(d}). Simulation results are plotted
as { at every % iterations per neuron. The broken curve is the AT-line, above this the replica-
symmetric solution is unstable. The full curve represents the cs prediction for the time evolution
of the order parameters, (b) Noise distribution at 7 = 1 (iteration per neuron), The full curve
was cbtained for the rS distribution by ¢S. The network is in the rS region. (¢} As for (&), with
noise distribution at + = 2. () As for (), with noise distribution at r = 10,

using {m, r) obtained by simulation and calculated the replica-symmetric noise distribution
Dﬁ?r[z]. We have compared the distribution of the noise term of simuiations with that
obtained by the Cs theory DS [2] for the same (m, 7).

One of the results is shown in figure 1, which represents the case N = 30000, ¢ = 0.1
and my = 0.1. Figure 1{a) shows the development of the order parameters (m, ). The
overlap m increases initially, but decreases after a while and finally retrieval fails. The initial
overlap mg = 0.1 is too small for successful retrieval. We have also solved differential
equations (4) and (5) numerically to compare the Cs prediction for the time evolution of the
order parameters (the full curve) with simulation resuits. The broken curve represents the
replica-symmetry breaking (AT) curve

Dy

O=a-— 20[+A2f—-—-"——-———'—-.
a ) cosh®[Ay + u]

The RS calculation of noise distribution does not hold beyond this line in the m—r diagram,
The noise distributions are depicted in figures 1(b)}-(d). We have taken statistics of z, by
varying [ from 1 to N at each time-step (iteration per neuron) for a fixed set of random
patterns §*. The full curve is obtained by the RS calculation of the noise distribution
DRS[7]. In figures 1(b) and (c), the network state is in the RS region. The CS theory
describes the noise distribution qualitatively well. Compared to the Amari-Maginu theory
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Figure 2. (a) Time-dependent behaviour of m (non-successful retrieval); T = 0, ¢ = 0.1 and
my =0.1. x, 0 and e denote simulation results for N = 5000, 10000 and 30 000, respectively.
Plots were obtained by averaging over 100 samoples, error bars represent standard deviations,
and the broken curve is a guide for the eye. For ¥ = 5000 and 10000, each data point is
shown shifted slightly in the horizontal direction to avoid overlaps. Seif-averaging with respect
to pattern realization is likely to hold. The full curve represents the cs prediction for the time
evolution of the order parameter. (#) Time-dependent behaviour of r, obtained under the same
condition as (z). Self-averaging with respect to pattern realization is likely to hold. (¢) Time
evolution of the cumulants of noise distribution to fourth order, conditions as in (g}, | to
C4 represent cumulants up to fourth order, Full curves denote cs' RS calculation, There exist
clear differences between the theory and simulations even when the network is in the RS region
{t £ 2). {d) Time evolution of the fifth and sixth cumulants of noise distribution; conditions as
in (¢). (Full curves denote cs’ rS calculatdon.) There exist differences between the theory and
simulations even when the network is in the rs region (r € 2).

[5] which assumed a Gaussian distribution, the €3 theory succeeds in depicting the noise
distribution in more detail. However, deviations of sirmulation results from the theory are
apparently non-negligible quantitatively.

As shown in our previous paper [3], cumulants of the noise distribution allow us
to discuss the theory in a quantitative fashion. We have calculated cumulants of the
distribution to sixth order. Moreover, to check the finite-size effect and €S” assumption of
self-averaging property, we have investigated 100 different sets of random patterns for each
N = 5000, 10000 and 30000. The results are shown in figure 2. Simulation conditions are
the same as in figure ! and retrieval fails. Figures 2(a) and (b} show the time evolution of m
and r. The cross, open and full circles show the simulation results for ¥ = 5000, 10000 and
30000, respectively. As CS suggested, the simulation results back up their assumption of the
self-averaging property. As the network size increases, fluctuations decrease and for large
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Figure 3. (2) Time-dependent behaviour of m, r (successful retrieval); T =0, a =0.1.N =
30000 and mg = 0.4 (just above the critical value for successful retrieval). Only one example
was tried in this case. Notice that r increases af an early stage and then decreases to 1. The
full curve represents the cs prediction for the time evolution of the order parameters. (&) Time
evolution of curanlants of noise distribution to fourth order; conditions as in (2). C)r denotes
the ficst cumulant of the theoretical noise distribution and Cis the simulation result. Deviation of
the theory from simulation develops at the first stage but gradually vanishes. (¢} Time evolution
of the fifth and sixth cumulants of noise distribution; conditions as in (a). Deviation of theory
from simulation develops at the first stage but graduvally vanishes.

N the trajectories of m and r do not depend on the pattern realization. In figures 2(c) and
(d) we compare the cumulants of the noise distribution obtained by the replica calculation
D}ff,[z] with numerical simulations (N = 5000, 10000 and 30000). It is noticed that there
exist clear differences between the theory and simulations. Even when the petwork is in
the RS region where C$ conjectured exactness of their theory (¢ £ 2 iteration per neuron in
figure), the theory does not describe the noise distribution in a quantitative sense. As for the
first and third curnulants C; and Cs, although it is difficult to notice the difference from the
figure, there actually exist more than 30% differences between the theory and simulations.
The same behaviour was obtained in the case of @ = 0.2 and mp = 0.1 where retrieval
fails. These results lead us to the conclusion that the CS theory is not exact when retrieval
fails, although it is a fairly good approximation, as seen in figures 1(6}H).

Another case is shown in figure 3 (N = 30000, = 0.1 and my = 0.4). In this case the
initial overlap mq is very close to, but just above, the critical value for successful retrieval.
Although the effect of non-retrieval patterns r increases at an early stage, the first pattern
defeats other patterns and finally retrieval succeeds. An interesting behaviour can be seen
in figures 3(») and (c). When r increases, the difference between theoretical and simulation
noise distributions increases. However, the theory becomes very close to the simulation
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Figure 4. (a) Time-dependent behaviour of m, r (non-successful retrdeval);, T = 0,00 =
0.2, ¥ = 30000 and mo = 0.8. Only one example was tried. Although mg is high, retrieval
fails because o = 0.2 is large. The full curve represents the cs prediction for the time evolution
of the order parameters. (&) Time evolution of cumulants of noise distribution to fourth order;
conditions as in (a). When r is close to 1, the theory stays very close to the simulations,
although diverges from the simulations as soon as r becomes larger. (¢} Time evolution of the
fifth and sixth curnulants of noise distribution; conditions as in (a). When r is close to 1, the
theory stays very close to simulations, but diverges as soon as r becomes larger.

when r becomes smaller later. Because the network stays in the RS region, we cannot
explain the deviation in the early stage by ascribing it to replica-symmetry breaking.

We also tried the case of mg = 0.8 with & = 0.1. The overlap m develops towards 1,
whereas r does not increase nor decrease and stays in the very close vicinity of the initial
state r = [. As all the cumulants, except the second, stay zero in the time development, we
omitted the figure. But the theory described the simulation well with a discrepancy of less
than 1%. The same behaviour has been observed at finite temperatures where the dynamics
are governed by the transition rate (1).

__Erom the above results, we conclude that the theory describes the noise distribution
quite faithfully only when the effect of other patterns is small (or r is close to 1). Figure 4
supports this conclusion. Although myg is high, retrieval fails because o = 0.2 is large
(overloading) in this case. When r is small, the theory stays very close to simulations.
However, the theory starts to go away from simulations when r increases. As the network
evolves towards equilibrium states in figures 2 and 4, the difference between the theory
and simulation increases. We conclode that such a phenomenon does not result from the
fact that the network state goes into the RSB region but comes from some other reasons.
Firstly, although equipartitioning of probability of the network states in the subshells of m
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and r is correct in equilibrium, it is not readily acceptable in dynamical, non-equilibrium
processes. Moreover, there must be some limits in the idea that the network state can be
described only in terms of two parameters m and r, especially when the shape of distribution
becomes complicated in non-retrieval cases. According to the theory of CS, once ¢, m and
r are given, the noise distribution is determined independently of other conditions such as
the temperature and history through which the network passed during time development.
We need more than two parameters to describe the dynamical processes quantitatively when
retrieval fails, as suggested by Gardner et al [4].

As our simulation clearly showed, the theory of CS is a fairly good approximation for
qualitative aspects of memory retrieval, although there definitely exist quantitative deviations
from simulation results. Their method may be applicable to many situations beyond the
scope of equilibrium statistical mechanics because CS did not actually use the specific form
of the interaction (2) in their derivaticn of the noise distribution.
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